0. Introduction. Let M = Γ\N be a compact nilmanifold, where N is a connected, simply connected real nilpotent Lie group with a discrete subgroup Γ. There is a unique probability measure μ defined on the Borel sets on M and invariant under the action of N on M by right translations. Every μ-integrable function f on M defines a distribution by the formula (f,Φ) = f M fφdμ, φe C°° (M) . Let JV be the Lie algebra of N. If IE# then X induces a vector field (which we will denote also by X) on Γ\N by (Xf)(Γn) = (d/dt)\ ί= of (ΓnexρtX) .
Consider the left-invariant sum of squares of such vector fields X\, ... , X^ e Jf. This second order differential operator D = X\ Λ h X\ can be regarded as acting on the right on distributions on Γ\iV. A distribution u e 2\M) is D-harmonic if Du = 0 on M. The operator D is globally hypoelliptic (GH) if when Df = g with / e 2f'{M), g G C°°(JI/), then / e C°°{M). The system of vector fields Xi, ... , X k on M is (GH) if when X\f = *!,...,**/=& with / G Sr' (M) , ft, ... , gk e C°° (M) , then / G C°° (M) . In this paper we investigate relationships between (GH) of D, (GH) of the corresponding system X x , ... , X k of vector fields, the constancy of Z)-harmonic distributions on M, and related algebraic conditions on Ii,...,!^/".
Our results are summarized in the figure below. In this figure, functionals Λ G Jf are assumed to be integral, i.e. Λ(logΓn^) c Z; Z> is (GH) We explain below the labeled implications in the above figure referring the reader to indicated sections of the paper for details. 1. This is Theorem (2.1). Condition (2.2) with j = 1 provides constancy of the Z>-harmonic distributions on the associated torus.
2. This holds with the necessary assumption that the system X\, ... , Xk is (GH) on the associated torus (proved in [C-R2] , Theorem 1).
2'. This requires the assumption that the system X\, ... , X k is (GH) on the associated torus (implicitly contained in [C-R2] and discussed here in §4).
3. This is proved in §4 for N with exclusively flat coadjoint orbits (which includes step 2 groups), and also for any nilpotent semidirect product Eκl w . 4. This is always true. (If X\/,..., Xkf are C°°, then so is (XΪ + . + χi)f and by (GH) of D, feC°°.) 5. We prove this converse to implication 4 for N of step 2, if D = X\ + X% with X\ e and with a necessary growth condition on Xi in § 1. A growth condition on X x follows from (GH) of the system X\, X 2 . Implication 5 is false for solvmanifolds, even if all the vector fields X\, ... , X k are algebraic, and hence satisfy all growth conditions. Indeed, the example in §3 shows such a D with a non-L 2 distribution in its kernel. 6. See e.g. [G-W3] , Lemma 3, p. 161.
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2-step nilmanifolds.
In this section we show that global hypoellipticity of the system X Ϊ9 ... , X k is insufficient for (GH) of D, even if N is step 2, (Example (1.4)). Growth conditions on all the vector fields are needed. Under such conditions D can be proven to be (GH) , at least on step 2 nilmanifolds (Theorem (1.1)). We'll see in §3 that this cannot happen in general solvmanifolds.
( m U = 0. The latter condition is true for any nilpotent Lie algebra J^, any X\ e JV and U e W{jr). To see this, wlog we assume that U = UιU 2 -U p with Ui G Jf, / = 1, ... , p. Note that ad (X 2 ) is a derivation of the associative algebra V/{yV). By Leibnitz's rule ad (Xf) m U =a linear combination of the terms of the form of 3ά{X\)^ U\ ad (X 2 ) ι p U p , where l\ + h l v = m. Thus it suffices to show that there exists a number / such that 2L& (X 2 ) 1 maps Jf into 0. This last statement is contained in Lemma 5.1 on page 230 of [G] . We start the proof of Theorem (2.1) with the following proposition. Conversely, any integral Λ e (Jj/J/j+i)* can be extended by 0 on a rational basis of JV to an integral Λ G <#**. π G N corresponding via Kirillov theory to Λ is in the spectrum of T\N ( [M] ). Equation (2.5) holds as before. Thus (2.2) and (2.4) are equivalent. 
Note that Ylχ consists of all 1-dimensional non-trivial representations in (Γ\N)^. We apply Lemma (2.6) to u n^q with π G Π r , then again apply Lemma (2.6) to J^/J^ which takes care of u π^q with π G n r _! in the above sum, etc. We are left with w 0 which corresponds to trivial π, i.e. U -UQ is a constant function on M.
The proof of Lemma (2.6) will follow from Lemma (2.7) below, but first we need some definitions (cf. [F-S] Proof of Lemma (2.7). Suppose dπ(P)u = 0 for some 0 Φ u e (H™)'. We are going to show then there is a non-smooth function ύ on L such that Pύ = 0. That would contradict the hypoellipticity of P on L. We adapt the proof of Lemma (4.6) of Rothschild and Stein [R-S] to our situation. Let ψ e H™ be such that (w, ψ) Φ 0, and let {αu};ι>o be the one-parameter group of dilations of L.
Observe that if π(P)u = 0, it follows from the homogeneity of P that π λ (P)u = 0 too. Let leL, where the exponent Q is to be specified later. First we check that the integral in (2.8) converges for each fixed / e L. Since u e (H%°y, we have 
. , Y r ) and with Qx independent of Y or x.
Thus ύ(l) is well-defined and continuous for any Q > Q\ + 2. As in [R-S] Pύ = 0, since the differentiation under the integral sign can be justified as follows. (Recall that P acts on the right and is leftinvariant.)
where d = degree of homogeneity of P and ||| |||' means that we've "absorbed" π(P) into the Schwartz space seminorm ||| |||. The last expression in (2.15) can now be estimated in exactly the same way as the one in (2.9), resulting in an estimate similar to (2.14), with a polynomial in λ of degree Q2, say. Thus ff° P(π λ (l)u, ψ)λ~Qdλ converges absolutely whenever Q > Q 2 +2, and Lemma (2.7) also implies the following version of Theorem (2.1) in case Sf, the Lie algebra generated by X\, ... , X^ , is graded. REMARK 1. Theorem (2.1') states that if S? is a large enough graded subalgebra of yf (i.e. & satisfies (2.2)) and P e %{&) is homogeneous, then injectivity of dp(P) on H™ for all non-trivial p in L implies injectivity of dπ(P) on (H™)' for all non-trivial π in REMARK 2. The existence of Z in -^ΠoS* at the end of the proof of Lemma (2.7) and the choice of Z in & Π^ in the proof of Lemma (2.6) use condition (2.2). We don't know whether the assumption (2.2) in Theorem (2.1) can be replaced by the weaker condition (2°) of Theorem (4.1).
3.
A solvmanifold (counterexample. Here we produce an example of a (GH) system of two vector fields on a class of 3-dimensional ("hyperbolic") w/vmanifolds. We show that the kernel of the sum of squares of these vector fields contains a distribution which is not a C°°-function. Also, Lemma (3.4) might be of independent interest.
Consider the following class of three-dimensional compact solvmanifolds, M = T\S (see [A-G-H] and [Brl, 2] for details). S is the semidirect product of R and R 2 (with R 2 normal in S), in which the group operation is
Here A*, t e R, is a 1-parameter subgroup of SL(2, R) through a fixed matrix A e SL(2, Z). The discrete subgroup Γ can be taken to be the set of points in S with integer coordinates. (The fact that A e SL(2, Z) is equivalent to A mapping the integer lattice Z 2 into itself.) We'll consider the case in which A has unequal positive eigenvalues λ and λ~ι. Choosing the eigenvectors of A as a basis of R 2 we can write the group operation in S in the new u, v coordinates
In these new coordinates M 2 nΓ is no longer Z 2 . (For each λ > 1 such that λ, λ~x are eigenvalues of a matrix A G SL(2, Z) we get a distinct solvmanifold T λ \S, although 5 is not changed up to isomorphism by altering λ.) Letting T, U, and V be the infinitesimal generators of the one-parameter subgroups of S corresponding to /, u, and υ we have Proof of {a). Let u G 3r'(Γ\S) be such that Tu = f 9 Uu = g, and Fw = h, with f,g,he C°°(Γ\S). Let u = w 0 + Σπ, 7 w π, 7 be an irreducible Fourier series of u, the summation being over infinite dimensional π e (1^*5) ^ with j counting the multiplicities and with UQ G 3r'(Γ[S', S] (3.5) COROLLARY. In the setting of the lemma above, the dual lattice Γ* = {Xa^β : Γ -• 1} is also a lattice of points (α, β) such that the product aβ is bounded away from 0, except for (α, β) = (0, 0). Lemma (3.4) . Let (0, 0, m) and (a, b 9 θ) e Γ c S. , λ~mb, 0) . Suppose (a n , b n , 0), n = 1, 2, ... were a sequence of points in Γ n R 2 x {0} such that a n b n -• 0 as « -> oo. Wlog we may suppose a n > b n > 0. Then for every n there would be an integer k n such that (3.6) λ^n-V <b n /a n <λ 2k *.
Proof of
Define a new sequence of points of Γ by
We have a' n b' n = a n b n -• 0 and ^/Λ{, = λ~2 k nb n /a n . The inequalities (3.6) imply now To find such u we write (GH) Although we do not have any counter-example to this conjecture, we have been able to prove it only under special conditions.
To prove the conjecture, we assume that S? is (GH) on Γ\N 9 so that (1°) is automatically satisfied. Then we suppose that 3Fn Z(jyjW) π = 0, and we try to prove there exists Λ' e ^v(Λ) such that Λ!{&) = 0. By the lemma on page 368 of [C-R2], this would contradict (GH) (GH) 
on T[N, N]\N, and (2°) for each π e (T\N)Z,
Before proving this theorem and giving examples, we state the following immediate consequences. If JV is of step 2, then Proposition (4.3) shows that Conjecture (4.2) is true for N 9 since all orbits will be flat. Also, for each natural number n > 2, there exist nontrivial rational nilpotent Lie algebras of step n such that all orbits (i.e., of all dimensions) will be flat [R3] . Thus the conjecture will have been proved for a large class of nilmanifolds. Also, the conjecture will have been proved for the important class of nilpotent semi-direct products R ix R n , with arbitrarily long lower central series.
There are of course many variations and combinations of these two examples.
The following example supports Conjecture (4.2) by showing how S?Γ\Z = {0} can lead to & not being (GH) even under circumstances not covered by Proposition (4.3). In particular, it will be a 3-steρ nowflat orbit example in which & is (GH) 
